Abstract. This paper presents a method of regularization for the numerical calculation of singular integrals used in different formulations of Boundary
Introduction
In the field of digital modeling, two methods are used at present: the Finite Element Method (FEM) and the Boundary Element Method (BEM). The latter is less common since there is much less the professional computer software that uses the BEM compared to FEM.
For a few decades rapid development of BEM can be observed [1, [5] [6] [7] [9] [10] [11] [12] 14, 15] resulting in an increase in BEM's application over time to, among other things, electromagnetic, thermal, and optical analysis [1, [5] [6] [7] 11] . Nevertheless it is not easy to find ready-to-use BEM implementations. The situation becomes even more difficult if we try to find free open source software and worse still if we need specialized BEM software applicable, for example, to Diffusion Optical Tomography. One of the reasons why this state is maintained might be the complexity of integration (in particular singular integrals) which needs to be done using BEM calculations. Of course, this is not a problem which cannot be overcome [12, 14, 15] . The need for the BEM calculations software exists and is unquestionable, but it has been only insignificantly implemented (Table 1 [10, 11, 12] ). The other software packages for Boundary Element Methods is listed in Tab. 1. It is worth emphasizing that by no means the list is not complete. It appears that industrial and scientific groups would like to have a well-designed platform for BEM calculations which should be universal but at the same time have modularity that easily enables application [8, 14, 15] . The plan of this article is as follows. In section 2, a review of the foundations of boundary element methods and standard methods for integration of singular integrals is presented. Section 3 is devoted to a presentation of the major features of Numerical integration for Galerkin formulation of Boundary Element Method (GBEM) in 2D space only. The practical use of Fourier Boundary Element Method (FBEM) and numerical integration is demonstrated in section 4. Finally, in section 5, we discuss plans for further directions of our research.
A. Standard 3D Boundary Element Method and numerical integration of singular integrals
Let us consider Poisson's equation in three-dimensional space:
where Φ stands for the arbitrary potential function for temperature or electric potential.
On the surface  of the volume under consideration  , the Robin boundary conditions are imposed:
where m R and n R are known coefficients for the Robin boundary condition [2] . The fundamental solution for 3D space is:
where R = |r − r′| is a distance between r (the source point) and r′ (the field point).
The integral form for the Eq. (1) is:
When the distance between the source point and the element over which the integration is performed is sufficiently large relative to the element size, the standard Gauss-Legendre quadrature formula works efficiently. But when the distance tends to zero then integrals become singular and special integration strategy should be applied. Let us consider quadrilateral boundary elements. The strategy used for integration rectangular boundary elements is as follows: mapping them at first onto 2D curvilinear coordinates and then dividing them into two or three triangles and subsequently onto the standardized square. The whole procedure is shown in Fig. 1 . Fig. 1 . Local coordinates of the quadrilateral boundary element and a mapping strategy [12] .
Finally, in all the above cases the Gauss -Legendre method of numerical integration was used [4] . The coordinates of the numerical integration points and the weights are available in the literature or in the internet, for example, [4, 12] .
Fourier Boundary Element Method (FBEM) and numerical integration
Let us briefly introduce some elements of basics of Fourier approach to BEM [5] .
To obtain the Fourier transform of the Galerkin BEM, all quantities have to be extended from domain Ω to the space R n . This can be achieved by defining a cutoff distribution  [5] , multiplying all quantities by  and finally transforming the quantities into Fourier space.
 
The n-dimension Fourier transform is defined as:
The discretized Fourier BEM leads to an algebraic system identical to that obtained in the original space:
where now, the matrices and vectors are computed in the transformed space: is the transformed polynomial trial functions. The main advantage of the FBEM is that the integrals extend formally over the entire R n and therefore the Fourier transformation can be applied to these integral equation.
A. Numerical example
The Fourier formulation of BEM is only presented for the boundary integral equations limited to constant elements and 2D space (Fig. 2) . As the test example, the Dirichlet problem of the Poisson equation is considered: The Dirichlet problem is solved in a quadratic twodimensional domain Ω [0, 1]x[0, 1]. At the boundaries, u=0 is imposed. The interior is subjected to stationary heat source f. The boundary Γ is divided into 16 elements. In our case when the source function f=1 the exemplary entries are:
To achieve a satisfactory precision of integration the 80 integration points were used (see Fig. 6 ). In the table 3 results of numerical calculations are presented for the region and it discretization shown in Fig.  2 . As we can see the discretization is not particularly dense -only 16 elements. As an exact solution, the analytical integration was treated (see Table 3 ).
Conclusion
This paper presents the regularization method for the integration of singular integrals for three different formulations of BEM: classical, Galerkin's and Fourier. With the help of numerical experimentation the effectiveness of the proposed method of integration was proven. Additionally, the authors tried to demonstrate that the degree of difficulty increases in the direction from the classical to the Fourier approach.
A very interesting formulation of the BEM was presented by Duddeck in his monograph [5] , however the problem of integration was not looked into thoroughly. One of the main goals of this paper was to address this gap. Without effective numerical integration the Fourier approach to BEM becomes useless.
The authors believe that the Fourier's formulation holds great potential, in particular for the Diffusion Optical Tomography. The light propagates in accordance with the Boltzman equation [2] . The Boltzman equation does not have a fundamental solution. Therefore classical formulation of BEM becomes useless. Usually in case of environments strongly dissipative the Boltzmann equation is approximated by the diffusion equation [2, 12] .
The authors are aware that this work on numerical integration particularly in the R2 space still require further work in order to improve the accuracy and reduce the number of integration points. This will be a critical issue for real discretization with the aid of thousands of boundary elements.
